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ABSTRACT 
In this paper, the author formulated the solutions of the standard quadratic congruence of composite modulus-an 
even multiple of a product of two different odd primes. No such formulation was found in the literature of 
mathematics. First time a formulation came in existence. It makes the finding of solutions simple and easy. It is 
found that the said congruence has sixteen solutions in a case but has eight solutions in other cases. 
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INTRODUCTION 
In this current paper, the author considered a new type of standard quadratic congruence of composite 
modulus for his study. After thorough study of the congruence for its solutions, the author tried his 
best to formulate the congruence. A formulation of solutions of the congruence is obtainedand tested 
& verified true by the illustrations of examples.Many  
Research papers on formulation of standard quadratic congruence of composite modulus have been 
written and published in different International Journals by the author. 

PROBLEM-STATEMENT 

To formulate the solutions of the congruence: 𝑥ଶ ≡ 𝑎ଶ (𝑚𝑜𝑑 2௠𝑝𝑞); 𝑚 ≥ 4 in different cases: 

Case-I: If 𝑎 is an even positive integer. 

Case-II: If 𝑎 is an odd positive integer. 

Case-III: If𝑎 = 𝑝. 

Case-IV: If𝑎 = 𝑞. 

LITERATURE- REVIEW 

The literature of mathematics says nothing to find solutions of the said congruence except the Chinese 
Remainder Theorem (CRT)method[1].  But it is a complicated and long method. So, it is time-
consuming and not suitable for the readers. Therefore, it cannot be recommended. Prominently, the 
books of Number Theory discussed quadratic congruence of prime modulus [2]. So, the author tried 
his best to formulate the solutions of the standard quadratic congruence of composite modulus. This is 
a paper in the sequence of papers on the same line [3], [4], [5], [6], [7], [8]. 

ANALYSIS & RESULTS 
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Consider the said congruence:  𝑥ଶ ≡ 𝑎ଶ (𝑚𝑜𝑑 2௠𝑝𝑞); 𝑚 ≥ 4. 

Case-I: Let 𝑎 be even positive integer. It is seen that such congruence always has sixteen solutions. 

For the eight solutions of the congruence, consider 𝑥 ≡ 2௠ିଶ𝑝𝑞𝑘 ± 𝑎 (𝑚𝑜𝑑 2௠𝑝𝑞). 

Then,  𝑥ଶ ≡ (2௠ିଶ𝑝𝑞𝑘 ± 𝑎)ଶ(𝑚𝑜𝑑 2௠𝑝𝑞 ) 

≡ (2௠ିଶ𝑝𝑞𝑘)ଶ ± 2. 2௠ିଶ𝑝𝑞𝑘. 𝑎 + 𝑎ଶ (𝑚𝑜𝑑 2௠𝑝𝑞) 

≡ (2௠ିଶ𝑝𝑞𝑘)ଶ ± 2௠ିଵ𝑝𝑞𝑘. 𝑎 + 𝑎ଶ (𝑚𝑜𝑑 2௠𝑝𝑞) 

≡  2௠ିଵ𝑝𝑞𝑘{2௠ିଷ𝑝𝑞𝑘 ± 𝑎} + 𝑎ଶ (𝑚𝑜𝑑 2௠𝑝𝑞) 

≡ 2௠𝑝𝑞{2௠ିସ𝑝𝑞𝑘 ± 𝑏} +𝑎ଶ(𝑚𝑜𝑑 2௠𝑝𝑞), 𝑖𝑓 𝑎 𝑖𝑠 𝑒𝑣𝑒𝑛 𝑎𝑛𝑑 𝑎 = 2𝑏. 

≡ 𝑎ଶ(𝑚𝑜𝑑 2௠𝑝𝑞) 

Thus, 𝑥 ≡ 2௠ିଶ𝑝𝑞𝑘 ± 𝑎 (𝑚𝑜𝑑 2௠𝑝𝑞) is a solution of the said congruence.But for 𝑘 = 4, it is seen 
that the solution is the same as for 𝑘 = 0. 

Therefore, 𝑥 ≡ 2௠ିଶ𝑝𝑞𝑘 ± 𝑎 (𝑚𝑜𝑑 2௠𝑝𝑞); 𝑘 = 0, 1, 2, 3 gives the eight solutions of the said 
congruence. 

For the other eight solutions, consider 𝑥 ≡ ±(2௠ିଶ𝑝𝑘 ± 𝑎) (𝑚𝑜𝑑 2௠𝑝𝑞) 

Then,  𝑥ଶ ≡ (2௠ିଶ𝑝𝑘 ± 𝑎)ଶ(𝑚𝑜𝑑 2௠𝑝𝑞 ) 

≡ (2௠ିଶ𝑝𝑘)ଶ ± 2. 2௠ିଶ𝑝𝑘. 𝑎 + 𝑎ଶ (𝑚𝑜𝑑 2௠𝑝𝑞) 

≡ (2௠ିଶ𝑝𝑘)ଶ ± 2௠ିଵ𝑝𝑘. 𝑎 + 𝑎ଶ (𝑚𝑜𝑑 2௠𝑝𝑞) 

≡  2௠ିଵ𝑝𝑘{2௠ିଷ𝑝𝑘 ± 𝑎} + 𝑎ଶ (𝑚𝑜𝑑 2௠𝑝𝑞) 

≡ 2௠ିଵ𝑝𝑘{2qt} +𝑎ଶ(𝑚𝑜𝑑 2௠𝑝𝑞),   𝑖𝑓 (2௠ିଷ𝑝𝑘 ± 𝑎)𝑘 = 2𝑞𝑡. 

≡ 𝑎ଶ(𝑚𝑜𝑑 2௠𝑝𝑞) 

It is also a solution of the congruence. So, it gives the remaining eight solutions of the congruence. 

Case-II: Let 𝑎 be odd positive integer. Such congruence always has sixteen solutions. 

For the four solutions of the congruence, consider 𝑥 ≡ 2௠ିଵ𝑝𝑞𝑘 ± 𝑎 (𝑚𝑜𝑑 2௠𝑝𝑞). 

Then,  𝑥ଶ ≡ (2௠ିଵ𝑝𝑞𝑘 ± 𝑎)ଶ(𝑚𝑜𝑑 2௠𝑝𝑞 ) 

≡ (2௠ିଵ𝑝𝑞𝑘)ଶ ± 2. 2௠ିଵ𝑝𝑞𝑘. 𝑎 + 𝑎ଶ (𝑚𝑜𝑑 2௠𝑝𝑞) 

≡ (2௠ିଵ𝑝𝑞𝑘)ଶ ± 2௠𝑝𝑞𝑘. 𝑎 + 𝑎ଶ (𝑚𝑜𝑑 2௠𝑝𝑞) 

≡  2௠𝑝𝑞𝑘{2௠ିଶ𝑝𝑞𝑘 ± 𝑎} + 𝑎ଶ (𝑚𝑜𝑑 2௠𝑝𝑞) 

≡ 𝑎ଶ(𝑚𝑜𝑑 2௠𝑝𝑞) 
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Thus, 𝑥 ≡ 2௠ିଵ𝑝𝑞𝑘 ± 𝑎 (𝑚𝑜𝑑 2௠𝑝𝑞) is a solution of the congruence.  But for 𝑘 = 2, the solution is 
the same as for 𝑘 = 0. 

Therefore, 𝑥 ≡ 2௠ିଵ𝑝𝑞𝑘 ± 𝑎 (𝑚𝑜𝑑 2௠𝑝𝑞); 𝑘 = 0, 1 gives the four solutions of the congruence. 

For the other twelve solutions, consider 𝑥 ≡ ±(2௠ିଷ𝑝𝑘 ± 𝑎) (𝑚𝑜𝑑 2௠𝑝𝑞) 

Then,  𝑥ଶ ≡ (2௠ିଷ𝑝𝑘 ± 𝑎)ଶ(𝑚𝑜𝑑 2௠𝑝𝑞 ) 

≡ (2௠ିଷ𝑝𝑘)ଶ ± 2. 2௠ିଷ𝑝𝑘. 𝑎 + 𝑎ଶ (𝑚𝑜𝑑 2௠𝑝𝑞) 

≡ (2௠ିଷ𝑝𝑘)ଶ ± 2௠ିଶ𝑝𝑘. 𝑎 + 𝑎ଶ (𝑚𝑜𝑑 2௠𝑝𝑞) 

≡  2௠ିଶ𝑝𝑘{2௠ିସ𝑝𝑘 ± 𝑎} + 𝑎ଶ (𝑚𝑜𝑑 2௠𝑝𝑞) 

≡ 2௠ିଶ𝑝𝑘{ 4qt} +𝑎ଶ(𝑚𝑜𝑑 2௠𝑝𝑞), 𝑖𝑓 (2௠ିସ𝑝𝑘 ± 𝑎)𝑘 = 4𝑞𝑡. 

≡ 𝑎ଶ(𝑚𝑜𝑑 2௠𝑝𝑞) 

It is also a solution of the congruence for different values of k. 

Case-III: Let 𝑎 = 𝑝. In this case the congruence has eight incongruent solutions. 

For the four solutions, consider: 𝑥 ≡ 2௠ିଵ𝑝𝑞𝑘 ± 𝑎 (𝑚𝑜𝑑 2௠𝑝𝑞). 

Then,  𝑥ଶ ≡ (2௠ିଵ𝑝𝑞𝑘 ± 𝑎)ଶ(𝑚𝑜𝑑 2௠𝑝𝑞 ) 

≡ (2௠ିଵ𝑝𝑞𝑘)ଶ ± 2. 2௠ିଵ𝑝𝑞𝑘. 𝑎 + 𝑎ଶ (𝑚𝑜𝑑 2௠𝑝𝑞) 

≡ (2௠ିଵ𝑝𝑞𝑘)ଶ ± 2௠𝑝𝑞𝑘. 𝑎 + 𝑎ଶ (𝑚𝑜𝑑 2௠𝑝𝑞) 

≡  2௠𝑝𝑞𝑘{2௠ିଶ𝑝𝑞𝑘 ± 𝑎} + 𝑎ଶ (𝑚𝑜𝑑 2௠𝑝𝑞) 

≡ 𝑎ଶ(𝑚𝑜𝑑 2௠𝑝𝑞) 

Thus, 𝑥 ≡ 2௠ିଵ𝑝𝑞𝑘 ± 𝑎 (𝑚𝑜𝑑 2௠𝑝𝑞) is a solution of the congruence.  But for 𝑘 = 2, it is  

seen that the solution is the same as for 𝑘 = 0. 

Therefore, 𝑥 ≡ 2௠ିଵ𝑝𝑞𝑘 ± 𝑎 (𝑚𝑜𝑑 2௠𝑝𝑞); 𝑘 = 0, 1 gives the four solutions of the congruence. 

For the remaining four solutions, consider 𝑥 ≡ ±(2௠ିଷ𝑝𝑞𝑘 ± 𝑎) (𝑚𝑜𝑑 2௠𝑝𝑞) 

Then,  𝑥ଶ ≡ (2௠ିଷ𝑝𝑘 ± 𝑎)ଶ(𝑚𝑜𝑑 2௠𝑝𝑞 ) 

≡ (2௠ିଷ𝑝𝑘)ଶ ± 2. 2௠ିଷ𝑝𝑘. 𝑎 + 𝑎ଶ (𝑚𝑜𝑑 2௠𝑝𝑞) 

≡ (2௠ିଷ𝑝𝑘)ଶ ± 2௠ିଶ𝑝𝑘. 𝑎 + 𝑎ଶ (𝑚𝑜𝑑 2௠𝑝𝑞) 

≡  2௠ିଶ𝑝𝑘{2௠ିସ𝑝𝑘 ± 𝑎} + 𝑎ଶ (𝑚𝑜𝑑 2௠𝑝𝑞) 

≡ 2௠ିଶ𝑝𝑘{ 4qt } +𝑎ଶ(𝑚𝑜𝑑 2௠𝑝𝑞), 𝑖𝑓 (2௠ିସ𝑝𝑘 ± 𝑎)𝑘 = 4𝑞𝑡. 

≡ 𝑎ଶ(𝑚𝑜𝑑 2௠𝑝𝑞) 
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It is also a solution of the congruence for different values of k. 

Case-IV: let 𝑎 = 𝑞.In this case the congruence has eight incongruent solutions. 

For the four solutions, consider: 𝑥 ≡ 2௠ିଵ𝑝𝑞𝑘 ± 𝑞 (𝑚𝑜𝑑 2௠𝑝𝑞). 

Then,  𝑥ଶ ≡ (2௠ିଵ𝑝𝑞𝑘 ± 𝑞)ଶ(𝑚𝑜𝑑 2௠𝑝𝑞 ) 

≡ (2௠ିଵ𝑝𝑞𝑘)ଶ ± 2. 2௠ିଵ𝑝𝑞𝑘. 𝑞 + 𝑞ଶ (𝑚𝑜𝑑 2௠𝑝𝑞) 

≡ (2௠ିଵ𝑝𝑞𝑘)ଶ ± 2௠𝑝𝑞𝑘. 𝑞 + 𝑞ଶ (𝑚𝑜𝑑 2௠𝑝𝑞) 

≡  2௠𝑝𝑞𝑘{2௠ିଶ𝑝𝑞𝑘 ± 𝑞} + 𝑞ଶ (𝑚𝑜𝑑 2௠𝑝𝑞) 

≡ 𝑎ଶ(𝑚𝑜𝑑 2௠𝑝𝑞) 

Thus, 𝑥 ≡ 2௠ିଵ𝑝𝑞𝑘 ± 𝑞 (𝑚𝑜𝑑 2௠𝑝𝑞) is a solution of the congruence.  But for 𝑘 = 2, it is  

seen that the solution is the same as for 𝑘 = 0. 

Therefore, 𝑥 ≡ 2௠ିଵ𝑝𝑞𝑘 ± 𝑞 (𝑚𝑜𝑑 2௠𝑝𝑞); 𝑘 = 0, 1 gives the four solutions of the congruence. 

For the remaining four solutions, consider 𝑥 ≡ ±(2௠ିଷ𝑝𝑘 ± 𝑞) (𝑚𝑜𝑑 2௠𝑝𝑞) 

Then,  𝑥ଶ ≡ (2௠ିଷ𝑝𝑘 ± 𝑞)ଶ(𝑚𝑜𝑑 2௠𝑝𝑞 ) 

≡ (2௠ିଷ𝑝𝑘)ଶ ± 2. 2௠ିଷ𝑝𝑘. 𝑞 + 𝑞ଶ (𝑚𝑜𝑑 2௠𝑝𝑞) 

≡ (2௠ିଷ𝑝𝑘)ଶ ± 2௠ିଶ𝑝𝑘. 𝑞 + 𝑞ଶ (𝑚𝑜𝑑 2௠𝑝𝑞) 

≡  2௠ିଶ𝑝𝑘{2௠ିସ𝑝𝑘 ± 𝑞} + 𝑞ଶ (𝑚𝑜𝑑 2௠𝑝𝑞) 

≡ 2௠ିଶ𝑝𝑘{ 4qt } +𝑞ଶ(𝑚𝑜𝑑 2௠𝑝𝑞), 𝑖𝑓 (2௠ିସ𝑝𝑘 ± 𝑞)𝑘 = 4𝑞𝑡. 

≡ 𝑎ଶ(𝑚𝑜𝑑 2௠𝑝𝑞) 

It is also a solution of the congruence for different values of k. 

ILLUATRATIONS 

Example-1: Solve the congruence : 𝑥ଶ ≡ 16 (𝑚𝑜𝑑 240) 

It can be written as: 𝑥ଶ ≡ 4ଶ (𝑚𝑜𝑑 2ସ. 5.3) with 𝑎 = 4, 𝑝 = 5. 𝑞 = 3. 

It is of the type: 𝑥ଶ ≡ 𝑎ଶ (𝑚𝑜𝑑 2௠𝑝𝑞);𝑚 ≥ 4. 

It has sixteen incongruent solutions. 

The eight solutions are given by 

𝑥 ≡ 2௠ିଶ𝑝𝑞𝑘 ± 𝑎 (𝑚𝑜𝑑 2௠𝑝𝑞); 𝑘 = 0, 1, 2, 3. 

≡ 2ଶ. 5.3𝑘 ± 4 (𝑚𝑜𝑑 2ସ. 5.3) 

≡ 60𝑘 ± 4 (𝑚𝑜𝑑 240); 𝑘 = 0, 1, 2, 3. 
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≡ 0 ± 4; 60 ± 4; 120 ± 4; 180 ± 4 (𝑚𝑜𝑑 240) 

≡ 4, 236; 56, 64; 116, 124; 176, 184 (𝑚𝑜𝑑 240) 

≡ 4, 56, 64, 116, 124, 176, 184, 236 (𝑚𝑜𝑑 240). 

The remaining eight solutions are given by 

𝑥 ≡ ±(2௠ିଶ𝑝𝑘 ± 𝑎) (𝑚𝑜𝑑 2௠𝑝𝑞), 𝑖𝑓 (2௠ିଷ𝑝𝑘 ± 𝑎). 𝑘 = 2𝑞𝑡 

≡ ±(2ଶ. 5𝑘 ± 4) (𝑚𝑜𝑑 2ସ. 5.3)), 𝑖𝑓 (2ସିଷ𝑝𝑘 ± 4). 𝑘 = 2.3𝑡 

≡ ±(20𝑘 ± 4) (𝑚𝑜𝑑 240), 𝑖𝑓 (10𝑘 ± 4). 𝑘 = 6𝑡 

    For 𝑘 = 1, 𝑥 ≡ ±(20 − 4)𝑎𝑠 (10 − 4) = 6 = 6𝑡 

≡ ±16 ≡ 16, 224 (𝑚𝑜𝑑 240). 

    For 𝑘 = 2, 𝑥 ≡ ±(40 + 4)𝑎𝑠 (20 + 4) = 24 = 6𝑡 

≡ ±44 ≡ 44,196 (𝑚𝑜𝑑 240). 

For 𝑘 = 4, 𝑥 ≡ ±(80 − 4)𝑎𝑠 (40 − 4) = 36 = 6𝑡 

≡ ±76 ≡ 76,164 (𝑚𝑜𝑑 240). 

For 𝑘 = 5, 𝑥 ≡ ±(100 + 4)𝑎𝑠 (50 + 4) = 54 = 6𝑡 

≡ ±104 ≡ 104,136 (𝑚𝑜𝑑 240). 

The remaining eight solutions are 

𝑥 ≡ 16, 224; 44, 196; 76, 164; 104, 136 (𝑚𝑜𝑑 240). 

Therefore, all the sixteen solutions are 

𝑥 ≡ 4, 16, 44, 56, 64, 76, 104, 116, 124, 136, 164, 176, 184, 196, 224, 236 (𝑚𝑜𝑑 240). 

Example-2: Solve the congruence : 𝑥ଶ ≡ 49 (𝑚𝑜𝑑 240) 

It can be written as: 𝑥ଶ ≡ 7ଶ (𝑚𝑜𝑑 2ସ. 5.3) with 𝑎 = 7, 𝑝 = 5. 𝑞 = 3. 

It is of the type: 𝑥ଶ ≡ 𝑎ଶ (𝑚𝑜𝑑 2௠𝑝𝑞);𝑚 ≥ 4. 

It has sixteen incongruent solutions. 

The four solutions are given by 

𝑥 ≡ (2௠ିଵ𝑝𝑞𝑘 ± 𝑎) (𝑚𝑜𝑑 2௠𝑝𝑞) 

≡ (8.5.3𝑘 ± 7 )(𝑚𝑜𝑑 2ସ. 5.3) 

≡ (120𝑘 ± 7) (𝑚𝑜𝑑 240) 

≡ 0 ± 7; (120 ± 7)  (𝑚𝑜𝑑 240) 
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≡ 7, 233; 113, 127 (𝑚𝑜𝑑 240) 

≡ 7, 113, 127, 233  (𝑚𝑜𝑑 240). 

The remaining twelve solutions are given by 

𝑥 ≡ ±(2௠ିଷ𝑝𝑘 ± 𝑎) (𝑚𝑜𝑑 2௠𝑝𝑞), 𝑖𝑓 (2௠ିସ𝑝𝑘 ± 𝑎). 𝑘 = 4𝑞𝑡 

≡ ±(2.5𝑘 ± 7)(𝑚𝑜𝑑 2ସ. 5.3)), 𝑖𝑓 (5𝑘 ± 7). 𝑘 = 4.3𝑡 

≡ ±(10𝑘 ± 7) (𝑚𝑜𝑑 240), 𝑖𝑓 (5𝑘 ± 7). 𝑘 = 12𝑡 

    For 𝑘 = 1, 𝑥 ≡ ±(10 + 7)𝑎𝑠 (5 + 7). 1 = 12 = 12𝑡 

≡ ±17 ≡ 17, 223 (𝑚𝑜𝑑 240). 

For 𝑘 = 3, 𝑥 ≡ ±(30 − 7)𝑎𝑠 (15 − 7). 3 = 24 = 12𝑡 

≡ ±23 ≡ 23, 217 (𝑚𝑜𝑑 240). 

   For 𝑘 = 5, 𝑥 ≡ ±(50 − 7)𝑎𝑠 (25 − 7). 5 = 90 = 6𝑡 

≡ ±43 ≡ 43,197(𝑚𝑜𝑑 240). 

   For 𝑘 = 8, 𝑥 ≡ ±(80 − 7)𝑎𝑠 (40 − 7). 8 = 90 = 6𝑡 

≡ ±73 ≡ 73, 167(𝑚𝑜𝑑 240). 

For 𝑘 = 9, 𝑥 ≡ ±(90 + 7)𝑎𝑠 (45 + 7). 9 = 12𝑡 

≡ ±97 ≡  97, 143 (𝑚𝑜𝑑 240). 

For 𝑘 = 11, 𝑥 ≡ ±(110 − 7)𝑎𝑠 (55 − 7). 11 = 12𝑡 

≡ ±103 ≡  103, 137(𝑚𝑜𝑑 240). 

Therefore, all the sixteen solutions are 

𝑥 ≡ 7, 17, 23, 47,73, 97,103,113,127, 137, 143,167, 217,193, 223, 233 (𝑚𝑜𝑑 240). 

Example-3: Solve the congruence : 𝑥ଶ ≡ 25 (𝑚𝑜𝑑 240) 

It can be written as: 𝑥ଶ ≡ 5ଶ (𝑚𝑜𝑑 2ସ. 5.3) with 𝑎 = 5, 𝑝 = 5. 𝑞 = 3. 

It is of the type: 𝑥ଶ ≡ 𝑎ଶ (𝑚𝑜𝑑 2௠𝑝𝑞);𝑚 ≥ 4; 𝑎 = 𝑝. 

It has eight incongruent solutions. 

The four solutions are given by 

𝑥 ≡ 2௠ିଵ𝑝𝑞𝑘 ± 𝑎 (𝑚𝑜𝑑 2௠𝑝𝑞); 𝑘 = 0, 1. 

≡ 2ଷ. 5.3𝑘 ± 5 (𝑚𝑜𝑑 2ସ. 5.3) 

≡ 120𝑘 ± 5 (𝑚𝑜𝑑 240); 𝑘 = 0, 1. 
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≡ 0 ± 5; 120 ± 5 (𝑚𝑜𝑑 240) 

≡ 5, 235; 115, 125 (𝑚𝑜𝑑 240) 

≡ 5, 115, 125, 235 (𝑚𝑜𝑑 240). 

The remaining four solutions are given by 

𝑥 ≡ ±(2௠ିଷ𝑝𝑞𝑘 ± 𝑎) (𝑚𝑜𝑑 2௠𝑝𝑞), 𝑖𝑓 (2௠ିସ𝑝𝑞𝑘 ± 𝑎). 𝑘 = 4𝑡 

≡ ±(2ଵ. 5.3𝑘 ± 5) (𝑚𝑜𝑑 2ସ. 5.3)), 𝑖𝑓 (2ସିସ5.3𝑘 ± 4). 𝑘 = 4𝑡 

≡ ±(30𝑘 ± 5) (𝑚𝑜𝑑 240), 𝑖𝑓 (15𝑘 ± 5). 𝑘 = 4𝑡 

    For 𝑘 = 1, 𝑥 ≡ ±(30 + 5)𝑎𝑠 (15 + 5) = 20 = 4𝑡 

≡ ±35 ≡ 35, 205 (𝑚𝑜𝑑 240). 

    For 𝑘 = 3, 𝑥 ≡ ±(90 − 5)𝑎𝑠 (45 − 5) = 40 = 4𝑡 

≡ ±85 ≡ 85,155 (𝑚𝑜𝑑 240). 

Therefore, all the eight solutions are  

𝑥 ≡ 5, 35, 85, 115, 125, 155, 205,235  (𝑚𝑜𝑑 240). 

Example-4: Solve the congruence : 𝑥ଶ ≡ 9 (𝑚𝑜𝑑 240) 

It can be written as: 𝑥ଶ ≡ 3ଶ (𝑚𝑜𝑑 2ସ. 5.3) with 𝑎 = 3, 𝑝 = 5. 𝑞 = 3. 

It is of the type: 𝑥ଶ ≡ 𝑞ଶ (𝑚𝑜𝑑 2௠𝑝𝑞);𝑚 ≥ 4; 𝑎 = 𝑞. 

It has eight incongruent solutions. 

The four solutions are given by 

𝑥 ≡ 2௠ିଵ𝑝𝑞𝑘 ± 𝑞 (𝑚𝑜𝑑 2௠𝑝𝑞); 𝑘 = 0, 1. 

≡ 2ଷ. 5.3𝑘 ± 3 (𝑚𝑜𝑑 2ସ. 5.3) 

≡ 120𝑘 ± 3 (𝑚𝑜𝑑 240); 𝑘 = 0, 1. 

≡ 0 ± 3; 120 ± 3 (𝑚𝑜𝑑 240) 

≡ 3, 237; 117, 123 (𝑚𝑜𝑑 240) 

≡ 3, 117, 123, 237 (𝑚𝑜𝑑 240). 

The remaining four solutions are given by 

𝑥 ≡ ±(2௠ିଷ𝑝𝑞𝑘 ± 𝑞) (𝑚𝑜𝑑 2௠𝑝𝑞), 𝑖𝑓 (2௠ିସ𝑝𝑞𝑘 ± 𝑞). 𝑘 = 4𝑡 

≡ ±(2ଵ. 5.3𝑘 ± 3) (𝑚𝑜𝑑 2ସ. 5.3)), 𝑖𝑓 (2ସିସ5.3𝑘 ± 3). 𝑘 = 4𝑡 

≡ ±(30𝑘 ± 3) (𝑚𝑜𝑑 240), 𝑖𝑓 (15𝑘 ± 3). 𝑘 = 4𝑡 
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    For 𝑘 = 1, 𝑥 ≡ ±(30 − 3)𝑎𝑠 (15 − 3) = 12 = 4𝑡 

≡ ±27 ≡ 27, 213 (𝑚𝑜𝑑 240). 

    For 𝑘 = 3, 𝑥 ≡ ±(90 + 3)𝑎𝑠 (45 + 3) = 48 = 4𝑡 

≡ ±93 ≡ 93,147 (𝑚𝑜𝑑 240). 

Therefore, all the eight solutions are  

𝑥 ≡ 3, 27, 93, 117, 123, 147, 213,237  (𝑚𝑜𝑑 240). 

CONCLUSION 

Therefore, it is concluded that for the congruence:𝑥ଶ ≡ 𝑎ଶ (𝑚𝑜𝑑 2௠𝑝𝑞); 𝑚 ≥ 4 has exactly sixteen 
solutions when 𝑎 is even positive integer; the first eight solutions are given by  𝑥 ≡ 2௠ିଶ𝑝𝑞𝑘 ±

𝑎 (𝑚𝑜𝑑 2௠𝑝𝑞), 𝑘 = 0, 1, 2, 3. 

The remaining eight solutions are given by 𝑥 ≡ ±(2௠ିଶ𝑝𝑘 ± 𝑎) (𝑚𝑜𝑑 2௠𝑝𝑞), 𝑖𝑓 (2௠ିଷ𝑝𝑘 ±

𝑎). 𝑘 = 2𝑞𝑡. 

The congruence has exactly sixteen solutions when 𝑎 is odd positive integer; the first four solutions 
are given by  𝑥 ≡ 2௠ିଵ𝑝𝑞𝑘 ± 𝑎 (𝑚𝑜𝑑 2௠𝑝𝑞), 𝑘 = 0, 1. 

The remaining eight solutions are given by 𝑥 ≡ ±(2௠ିଶ𝑝𝑘 ± 𝑎) (𝑚𝑜𝑑 2௠𝑝𝑞), 𝑖𝑓 (2௠ିଷ𝑝𝑘 ±

𝑎). 𝑘 = 2𝑞𝑡. 

The congruence has exactly eight solutions, if 𝑎 = 𝑝 𝑜𝑟 𝑎 = 𝑞. 

The four solutions are given by 𝑥 ≡ 2௠ିଵ𝑝𝑞𝑘 ± 𝑝 (𝑚𝑜𝑑 2௠𝑝𝑞); 𝑘 = 0, 1. 

The remaining four are given by 𝑥 ≡ ±(2௠ିଷ𝑝𝑞𝑘 ± 𝑝)(𝑚𝑜𝑑 2௠𝑝𝑞), 

 𝑖𝑓 (2௠ିସ𝑝𝑞𝑘 ± 𝑝). 𝑘 = 4𝑡. 
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