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ABSTRACT

In the present paper, the author has considered a standard bi-quadratic congruence for his study
andformulated the solutions of the congruence under consideration. The formulation of the
congruence is studied in twodifferent cases establishing four different formulae.Formulation proved a
time-saving method of solving such congruence.In the literature referred for the solutions, the author
found no formulation of solutions of the said congruence. The author has tried his best to formulate
the solutions and his efforts are presented here.
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INTRODUCTION
A congruence of the type:x* = a*(mod k), k being a positive integer, is a standard bi-quadratic
congruence. If k is a prime, it is called a congruence of prime modulus; otherwise, it is called a
congruence of composite modulus. Finding no method or formulation for solutions of the congruence
in the literature of mathematics [1], [2], [3], the author has attempted a formulation for solutions of
the said congruence. Formulating and publishing many standard bi-quadratic congruence of various
composite modulus in different international journals [4], [5], [6], [7], [8], the author considered the
said congruence for its formulation.

PROBLEM-STATEMENT
Here the problem of the study is-“To formulate the solutions of the congruence:
x* = a*(mod p™.4™),p being an odd prime; a, m, n positive integers
in four dif ferent cases:
case — I: When a is an odd positive integer

case — II:When a is an odd positive integer
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ANALYSIS & RESULTS
Consider the congruence: x* = a*(mod p™.4"); p an odd prime.
Case-I: Let a be an odd positive integer.
For the solutions, consider x = p™.4" 'k + a (mod p™.4")
Then, x* = (p™.4" 1k + a)* (mod p™.4™)

= (™4 Y+ 4. (p™. 4 k)3 a + g(pm%}"_lk)z.aZ +
432 e
mpm.étn k.a®> +a* (mod p™.4")
=p™. 4%k {p3™m. 4304 k3 £ p?m 4203k 2 q + 2p™. 4" 2k.a® + a3} +
a* (mod p™4™")
=0+ a* (mod p™.4")
= a*(mod p™4™").
Therefore, x = p™.4" 'k + a (mod p™. 4™) satisfies the congruence and hence is considered as the
solutions formula. But if k = 4, the solutions formula reduces to
x =p™. 4" 1 4+ a(modp™.4")
=p™.4" + a (mod p™.4")
=0+ a (modp™.4").

This is the same solutions as for k = 0.
Also fork = 5 = 4 + 1, the formula reduces to

x =p™.4" (4 + 1) + a (mod p™.4")

=p™.4" +p™. 4" 4+ a (mod p™. 4™)
=p™.4" 1 + a(mod p™.4™).
This is the same solutions as for k = 1.
Therefore, all the solutions are given by

x=pm.4" 14+ a(modp™.4");k=0,1,2,3.

Hence, the congruence has exactly eight solutions.
Case-II: Let a be even positive integer but a Z 0 (mod 4).
For the solutions, consider x = p™.4" 3k + a (mod p™.4™)
Then, x* = (p™.4" 3k + a)* (mod p™. 4™)

=(™.4" 3%+ 4.(p™. 4" 3k)3.a + ;—'i(pm.4”_3k)2.a2 +
4.3.2 m gn—3 3 4 m gn
mp A" Pk.a® +a* (mod p™.4")
= p™. A2k {p3m 4301 |3 4 p2m 43n-8)2 q 4 3p™ 4" k. a® + a3} +
a* (mod p™4™)
= p™. 4" 2k{8t} + a*(mod p™.4M),if a is even .
=0+ a* (mod p™. 4")
= a*(mod p™4™M).
Therefore, x = p™.4" 3k + a (mod p™. 4™) satisfies the congruence and hence is considered as the
solutions formula. But if k = 64 = 43, the solutions formula reduces to
x = p™.4"3.43 + a (mod p™.4")
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=p™.4" + a (mod p™.4™)
=0+ a (mod p™.4").

This is the same solutions as for k = 0.
Also fork = 65 = 43 + 1, the formula reduces to

x =p™.4" 343 + 1) + a (mod p™. 4™)

=p™.4" +p™.4"73 4+ a (mod p™. 4™)
=p™.4" 3 + a(mod p™.4").
This is the same solutions as for k = 1.
Therefore, all the solutions are given by

x=p™.4" 3.4+ a(mod p™.4");k =0,1,2,3, ... (43 = 1).

Hence, the congruence has exactly one hundred and twenty-eight incongruent solutions.

ILLUSTRATIONS
Example-1: Consider the congruence x* = 81 (mod 6400).
It can be written as x* = 3*(mod 52.4%).
It is of the type x* = a*(mod p™.4™) withp =5, m = 2,n = 4,
a = 3,an odd positive integer.

It has exactly eight solutions given by
x =p™.4" 'k 4+ a (mod p™.4") with k = 0,1,2, 3.
= 52.43k 4+ 3(mod52.4%)

= 25.64k + 3 (mod 6400)

= 1600k + 3 (mod 6400)

=0+ 3;1600 + 3; 3200 + 3;4800 + 3 (mod 6400)

= 3,6397;1597,1603;3197,3203;4897,4803 (mod 6400).
Example-2: Consider the congruence x* = 256 (mod 6400).
It can be written as x* = 4*(mod 5%.4%).
It is of the type x* = a*(mod p™.4") withp =5,m=2,n =4, a = 4,

an even positive integer.
It has exactly 43 = 64 incongruent solutions given by
x = p™.4" 3k + 4 (mod p™.4") withk = 0,1,2,3, ... .....63.
= 52,41k 4+ 4(mod52.4%)

= 25.4k + 4 (mod 6400)

= 100k + 4 (mod 6400)

=0+4;1004+4;200+4;300+4;....... ;6300 £ 4 (mod 6400)

= 4,6396;96,104; 196, 204; 296,304; ... ... ... ... .....; 6296,6304 (mod 6400).
Example-3: Consider the congruence x* = 1296 (mod 32000).
It can be written as x* = 1296 = 6*(mod 53.4%).
It is of the type x* = a*(mod p™.4") withp = 5, a = 6,an even positive integer.
It has exactly 43 = 64 incongruent solutions given by
x =p™.4" 3k 4+ 6 (mod p™.4") withk = 0,1,2,3, ... ..... (64 — 1).
= 53.4k 4+ 6(mod53.4%)
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= 125.4k + 6 (mod 32000)
= 500k £ 6 (mod 32000)

=0+6;500%6;1000 £ 6;1500 £ 6; ... ... ... ;1260 + 6 (mod 32000)
= 6,1274; 14, 26; 34,46; 54, 66; ... ... ... ... .....; 1254,1266 (mod 32000).
CONCLUSION

Therefore, it can be the conclusion that the standard bi-quadratic congruence:

x* = a*(mod p™.4™), p an odd prime has exactly eight incongruent solutions:

x = p.4" 1k 4+ a (mod p™.4") with k = 0,1,2,3, if a is an odd positive integer

but the congruence has exactly one-hundred and twenty-eight incongruent solutions:

x = p.4" 3k + a (mod p™.4") withk = 0,1,2,3, ........ (64 — 1), if a is an even positive integer
but a # 0 (mod 4).
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