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ABSTRACT
In this paper we investigate the existence of some graph labelings in Twig(BP,,©K;), m = 2.
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1. INTRODUCTION

The concept of graph labeling was introduced by Rosa in 1967 [7]. In 2019 Esakkiammal et.al., introduced the
concept of Proper d-lucky labeling [5], Proper Lucky labeling was introduced by Kins Yenoke et.al.,(2016) [1],
In 2004 Sundaram et.al., introduced the concept of Product Cordial Labeling (2022) [9], Tribonacci cordial
labeling[ was introduced by Sarbari Mitra et.al., 2022 [8],In 2024 Bala et.al., introduced the concept of Tribonacci
Product cordial labeling[2]. Gaussian anti magic labeling was introduced by Thirusangu et.al., (2019) [10].
Motivated by the above work, in this paper we have investigate and the existence of d-lucky Labeling, Luck
Labeling, Tribonacci Product cordial labeling for Twig(B,,©OK;), m = 2.

2. PRELIMINARIES

In this section, we provide some basic definitions relevant to this paper.
Definition 2.1: Let h be a function from R (G) to {0,1}. For each edge r;7;, assign the label h(r;)h(r;). H is called
product cordial labeling if |73, (0) — 1,(1)| <1 and |b, <(0) — by, =(1)| < 1 where 1, (i) and by, (i) denote the
number of vertices and edges respectively label in with ‘0’ and ‘1’ .A graph with a product cordial abeling is
called a product cordial graph.
Definition 2.2: A d-lucky labeling is called proper if [(u) # l(r) for every adjacent vertices u and r. The proper
d-lucky number of a graph is the least positive integ k such that G has a Proper d-lucky labeling with {1,2, ...., k}
as the set of labels and is denoted by r]pdl(G).
Definition 2.3: A Lucky Labeling is Proper lucky abeling if the labeling [ is proper as well as lucky, that is if
u and r are adjacent in G then h(u) # h(r) and if s(u) # s(r). The Proper Lucky labeling with {1,2, ...., k} the
set of labels.
Definition 2.4:The sequence {T;,};n—, of Tribonacci numbers is defined by the third order linear recurrence
relation (for m > 0):

T3 =T + Ty + a2 s To = 0,11 =T, = 1

{T,} =11,1,2,4,713,24,..]
Definition 2.5: An injective function § : R(G) - {T,, T4, ... T,,,} is said to be Tribonacci cordial labeling if the
induced function §°: B(G)— {0,1} defined by & (rir;) = (6(r;) + 6(;))(mod2) satisfies the condition
|bs+(0) — bs+(1)| < 1. A graph which admits Tribonaci cordial labeling is called Tribonacci cordial graph.
Definition 2.6:An injective function § : R(G) - {T,, T, ... T,,,} is said to be Tribonacci product cordial labeling
if the induced function &°: B(G)— {0,1} defined by & (rir;) = (6(11)8(r;))(mod2) satisfies the condition

IJETRM (http://ijetrm.com/) [19]


https://www.ijetrm.com/
http://ijetrm.com/
mailto:sugan4kavi@gmail.com2
mailto:sugan4kavi@gmail.com2

Volume-09 Issue 02, February-2025 ISSN: 2456-9348

Impact Factor: 8.232

International Journal of Engineering Technology Research & Management
Published By:
https://www.ijetrm.com/

| bs+(0) — bs=(1)] < 1. A graph which admits Tribonacci Product cordial labeling is called Tribonacci product
cordial graph.

Definition 2.7: Gaussian antimagic labeling in a G(R,B) graph is a function h: R(G) » {c +id /¢c,d € N }1<
¢ < d < b such that the induced function h* : B(G) - N such that h*(ru) = |h(r)|? + |h(u)|? results all
the edge labels are distinct.A graph which admits Gaussian antimagic labeling is called Gaussian antimagic graph.
Definition 2.8: Let B, be a path graph with m vertices. The comb graph is defined as B,,®K;. It has 2m vertices
and 2m-1 edges.

Note: A comb is a caterpillar in which each vertex in the path is with K;.

Definition 2.9: A graph obtained from a path by attaching exactly two pendent edges to each internal vertex of
the path is called a twig and is denoted by (Twig),,, m = 1.

3. MAIN RESULT
In this section, we discuss about the structure of the Twig(B,,®K;) graph for Proper d-lucky labeling,
Proper Lucky labeling, Tribonacci Product cordial labeling and Gaussian antimagic labeling.
Structure of Twig(B,,®OK;) :
Twig(P,,©K,), m = 2 is a graph obtained by attaching exactly two pendent edges to each internal vertex
of the external path of comb graph. The vertex set and edge set are defined as follows R(G) = {ry,72,73,.., Tam}

and B(G) = {{riri+1/1 <i<m—13U {rnmmd U {nremei-n) Y iemaid/1 S0 < m}}.
Clearly, Twig(P,,®K;), m = 2 has 4m vertices and 4m — 1 edges. The graph thus obtained is a particular case
of a uniform caterpillar.

I's

THEOREM 3.1:
Twig(B,©K;), m = 2 admits Proper lucky labeling with 1, (Twig (B, ©K,)) = 2.
Proof:
From the structure of Twig(P,,©K;) . Itis clear that Twig(P,,©K;) has 4m vertices and 4m — 1 edges.
To prove Twig(B,,®K,), is lucky, define the function I: R(G) — N to label the vertices as follows:
Case(i): m = 1(mod2)
(i) I(r) = l(n) = 1,
(ii) 2<i<m-—1,m=3,l(r;) ={2,i = 0(mod2) 1, otherwise,
(iii) 1<i<ml(Tiyy) ={1,i = 0(mod2) 2, otherwise,
l(r2m+(2i_1)) ={1,i = 0(mod2) 2, otherwise, I(rymaez) ={1,i =
0(mod2) 2, otherwise .
Case(ii): m = 0(mod2)
(i) I(r) =1,1(rn) = 2,
(ii) 2<i<m-1,m=3,l(r;) ={2,i =0(mod2) 1, otherwise,
(iii) 1<i<m,l(rim) ={1,i = 0(mod2) 2, otherwise,
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l(r2m+(2i_1)) = {1,i = mod2 2, otherwise , l(rym42i) = {1,i = mod2 2, otherwise .
Case(i): Therefore,

(i) s(r) = s(r) =8,

(ii) 2<i<m-—1m=3,s(r;) = {5,i = 0(mod2) 10, otherwise ,

(iii) 1<i<m s, = s(r2m+(2i_1)) = S(Tyma2i) = {2, = mod2 1, otherwise ,
Case(ii): Therefore,

(i) s(r) =8,s(rm) =4,

(ii) 2<i<m-—1m=3,s(r;) = {5,i = 0(mod2) 10, otherwise,

(iii) 1<i<m, s, = s(r2m+(2i_1)) = s(fyme2i) = {2,i = 0(mod2) 1, otherwise .
Clearly, s(r;) # s(rim), st) # s(Tamiin), S() # s(ramaz:), for any two adjacent vertices of
Twig(B,OK;) . Therefore Twig(P,®K;), m =2 admits Proper lucky labeling with n ,, (Twig (P, ©K;)) = 2.
EXAMPLE 3.1:

Proper Lucky labeling for Twig(B,®K;) for m = 4 and m = 5 is shown in the figure 3.1.1 and 3.1.2
respectively.

re2(1) rul(2) rs2(1) risl (2)

1(8)r 2(5)r: 1(10)r,

re2(1) ril (2) T2(1) ris]1(2)
Is2(1) Ie1(2) 172(1) re1(2)
Figure 3.1.1
r:1(2) ris2(1) s 1(2) v 2(1)
1(10)r= 2(5)r 1(8)rs
Iis1(2) Fis 2(1) Te1(2) rx2(1)
rs2(1) r71(2) Is2(1) 11(2) To2(1)

Figure 3.1.2

THEOREM 3.2:

Twig(B,©K;), m = 2 admits Proper d-lucky labeling with n , (Twig(P,©K;)) = 2.
Proof:

From the structure of Twig(B,®K;), m = 2. Itis clear that Twig(P,,©K;), m = 2 has 4m vertices
and 4m — 1 edges.

To prove Twig(P,,®K;), m =2 is Proper d-lucky, define the function I: R(G) = N to label the
vertices as follows:
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Case(i):m = 1(mod2)
0 )=l =1,
(i) 2<i<m-1,m=3,l(r;) ={2, i =0(mod2) 1, otherwise,
(iii) 1<i<m,l(rm) ={1, 0(mod2) 2, otherwise,
UTem+i-1y) = {1, i =0(mod2) 2, otherwise , I(yman) = {1,i =
0(mod2) 2, otherwise .
Case(ii): m = 0(mod2)
(i) I(r) =1,1(rn) = 2,
(i) 2<i<m-1m=3,l(r) ={2,i =0(mod2) 1, otherwise,
(iii) 1<i<m,l(rim) ={1,i =0(mod2) 2, otherwise,
U(Tryms(ai-n)) = {1,i = 0(mod2) 2, otherwise I(Fymai) = {1,i =
0(mod2) 2, otherwise.

(i) d(r) = d(n) =4,

(i) For2<i<m-1,d(r) =5,

(iii) Form+1<i<4md(n) =1.
Case(i): Therefore,

(i) c(r) = c(r) = 12,

(i) 2<i<m-1m=3,¢(r) ={10,i = 0(mod2) 15, otherwise,

(iii) 1<is<mc(rim) = c(r2m+(2i_1)) = c(Tyme2i) = {3,i = 0(mod2) 2, otherwise,
Case(ii): Therefore,

(i) c(r) =12,¢(r) =8,

(i) 2<i<m-1m=3,¢(r) ={10,i = 0(mod2) 15, otherwise ,

(iii) 1<i<m c(iym) = c(Tamr@ion) = ¢(ame2i) = {3,i = 0(mod2) 2, otherwise .
Clearly, c(r;) # clriym), () # c(Tamsi-n) €(1y) # c(Tamyar), for any two adjacent vertices of
Twig(h, ©K,).Therefore Twig(h, ©K;) admits Proper d-lucky labeling with n,,(Twig (B, ©K;) ) = 2.
EXAMPLE 3.2:

Proper d-Lucky labeling for Twig(P,,©K;) for m = 4 and m =5 is shown in the figure 3.2.1 and 3.2.2
respectively.

To 2(2) rul(3) Ti32(2) risi(3)

1(12)ry 2(10)r: 1(15)Ls 2(8)L«

T02(2) 1"121(3) Trs1(3) I'is1(3)

rs2(2) rsl(3) r72(2) Fel(3)

Figure 3.2.1
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ru2(2) riz1(3) Ii52(2) riz1(3) rie2(2)
1(12)1: 2(10)r= 1(15)Is 2(10)Ts 1(12)1s
ri22(2) I41(3) rmz(z) risl(3) re2(2)
I's2(2) I71(3) re2(2) Ie1(3) I02(2)
Figure 3.2.2

THEOREM 3.3:
Twig(P,,©K;), m = 2 admits Tribonacci Product Cordial labeling.

Proof:
From the structure of Twig(P,,©K;), m = 2. Itis clear that Twig(B,,®K;) has 4m vertices and 4m — 1 edges.
Define the function h: R(G) — {0,1} to obtain the vertex lables as follows:
Fori<i<m

() 1y = {Tu-2}

(i) Tom+(2i-1) = {T41—3}

(iii) Tivm = { Tar}

(iv) Tom+2i = {Tar-1}
Clearly, R,(0) = 2m, R,(1) = 2m,
Therefore, |R,(0) — R, ()| =2m—-2m| =0 <1
Define the function h* : B(G) — {0,1} to obtain the edge lables as follows:
Foril<i<m-1

() Nty =1
Fori1<i<m

() T oms(2i-1) = 1

(i) Titi4m = TiTomse2i =0

Clearly, B,+(0) =2m —1, By+(1) =2m,

Therefore, |B,+(0) — B,«(1)| =|2m—-1)-2m|=1 <1

Hence the conditions [R,(0) — R,(1)| < 1land |B,+(0) — B, +(1)| <1 are satisfied.

Therefore, Twig(R,,®K;), m = 2 admits Tribonacci Product cordial labeling.

EXAMPLE 3.3:

Tribonacci Product Cordial labeling for Twig(B,,®K;) m =4 is shown in the figure 3.3.1 respectively.
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To (Th) T13(Ty) I'is (Tw)
() I (T2 (Tio)L (T s
I'1o(T3) T2 (T7) T4 (Tu) T'16 (Tis)
I's (19 I's (T5) r7 (T) I's (Ti)
Figure 3.3.1

THEOREM 3.4:
Twig(P,,©OK;), m = 2 admits Gaussian Antimagic labeling.
Proof:
From the structure of Twig(B,,®K;). Itis clear that Twig(R,,©K;) has 4m vertices and 4m — 1 edges.
Define the function h: R(G) - {a +ib /a,b € N }to obtain the vertex lables as follows:
For1<j<4m
r=1+ri
Define the function h* : B(G) - N such that h*(ru) = |h(r)|? + |h(w)|?*to obtain the edge lables as
follows:
(i) h*(ririe) =2/°+2j+3 :11<j<m-1
(i) 1<j<m
h*(1iT54m) =2j2 +m? +2mj + 2

h*(1Tamezj-1)) = 5% + 4m? + 8mj + 3 — 4j — 4m
h*(hTamezj) = 5j% +4m? +8mj + 2

Hence in which all the elements are distinct.

Therefore, Twig(B,,®K;), m = 2 admits Gaussian Antimagic labeling.

EXAMPLE 3.4:

Gaussian Antimagic labeling for Twig(P,,©K;), m = 4 is shown in the figure 3.4.1 respectively.

(1+9i) Iy (1+11i)11, (1+13i)r:: (1+15i)r:s

(1+i)ry (1+2i)r: (1+3i) (1+4i)r:

rio(1+10i) riz (1+12i) ris (1+14i) s (1+16i)
(1+5i)rs (1+6i)rs (A+7i) 17 (1+8i) rs
Figure 3.4.1
CONCLUSION:
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In this paper, we have proved the existence of Proper Lucky Labeling, Proper d-lucky Labeling, Tribonacci
Product Cordial Labeling and Gaussain Anti-magic labeling for Twig(B,,®K;), m > 2.
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