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ABSTRACT

Here a formulation of solutions of a special standard bi-quadratic congruence of composite modulus
modulo nth power of an odd positive prime integer is discovered. A very large number of solutions
became possible to obtain without much effort. This type of congruence has a large number of
solutions. Due to the discovery of this formulation, all the solutions can be obtained very easily in a
short time; sometimes it can also be calculated orally. Possibility of oral calculation of large number
of solutions is the merit of the paper. No formulation other than this formulation is found in the
literature of mathematics. First time a standard bi-quadratic congruence of composite modulus is
formulated.
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INTRODUCTION

A congruence of the type: ax* + bx3 + cx? + dx + e = 0 (mod m),a % 0 (mod m), is called a
general bi-quadratic congruence of prime modulus, if m is an odd prime positive integer; of composite
modulus, if m is a composite positive integer. But the congruence of the type: x* = a (mod m) is
called a standard bi-quadratic congruence. The author here wishes to formulate the solutions of such a
standard bi-quadratic congruence for a special “a” mentioned in the above congruence.

PROBLEM-STATEMENT

“To establish a formulation for the solutions of a special type of standard bi-quadratic congruence:

“x* = p*(mod p™),n = 4, p being an odd prime, n positive integer".

LITERATURE REVIEW

Here the author has considered a special type of standard bi-quadratic congruence for formulation of
its solutions. It is a part of Elementary Number Theory, especially,modular congruence. In under-
graduate level, only linear and quadratic congruence are studied. A very less discussion is found about
cubic, biquadratic and congruence of higher degrees [1], [2], [3]- But no formulation for the solutions
is found. Hence, the author himself started formulating these congruence and successfully have been
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formulated many quadratic, cubic, biquadratic and congruence of higher degrees [4], [5], [6], [7], [8].
[9]. [10], [11].

ANALYSIS & RESULTS
Consider the congruence x* = p*(mod p™),n > 5,here, p is an odd prime positive integer.
For its solutions, consider x = p" 3k + p (mod p").

Then, x* = (p" 3k + p)* (mod p")

43 432
=" 24 "N p Ao ("L £ == (0" ) p? + p* (mod pT)

= pnk{p3n—12k3 + 4k2p2n—8 + 6kpn—4 + 4} + p4(mod pn)
=0 + p* (mod p™)
= p* (mod p")

Therefore, it is seen that x = p™ 3k + p (mod p™) satisfies the congruence under consideration. So,
it can be considered as solutions-formula of the congruence for different values of k.But fork = p3,
the solutions-formula reduces to the form:

x =p"3.p3 + p (mod p™)
=p" +p* (mod p")
=0+ p* (mod p™)
These are the same solutions as for k = 0.
Also, for k = p3 + 1, the solutions formula reduces to the form:
x=p" 3. (p® +1) £ p (mod p™)
=p" +p" > £ p (mod p")
=p" ™% £ p (mod p")
These are the same solutions as for k = 1.

Therefore, it can be concluded that fork = 0,1, 2, ... ... ..,(p3 — 1), the congruence has exactly 2p3-
incongruent solutions, as for a single value of k, the congruence has two solutions.

Now consider n = 4.

Then the congruence reduces to: x* = p*(mod p*).

For the solutions, consider: x = pk +p (mod p*),k =0,1,2 ..o cev . ...
Then x* = (pk + p)* (mod p*)

IJETRM (http://ijetrm.com/) [161]



Vol-05 Issues 04, April-2021 ISSN: 2456-9348
Impact Factor: 5.004

IJETRM

International Journal of Engineering Technology Research & Management

= p*(k + 1)* (mod p*)
= p*(mod p*).
Therefore, x = pk + p (mod p*) satisfies the congruence and hence must give the solutions.
But for k = p3, the solutions formula reduces to the form: x* = p* + p (mod p*).
= 0 + p (mod p*)
This is the same solutions as for k = 0.
Also, for k = p3 + 1, the solutions formula reduces to the form:
x =p(p* +1) + p (mod p*),
=p* +p+p (mod p*)
=p +p (mod p*)
This is the same solutions as for k = 1.
Therefore, all the solutions are given by x = pk + p (mod p*);k =0,1,2, ........, (p> = 1).

These are the p3 —incongruent solutions of the congruence as for a single value of k, it has a single
solution.

ILLUSTRATIONS
Example-1: Consider the congruence: x* = 625 (mod 3125)
It can be written as: x* = 5*(mod 5°).
It is of the type: x* = p*(mod p™) withp = 5,n = 5.
It has exactly 2p3 = 2.125 = 250 incongruent solutions, given by
x=p"3k+p(modp™);k=0,1,2, ..o ce...., (p3 = 1).
=53k + 5 (mod 5°)

= 25k + 5 (mod 3125);k =0,1,2,...........,124.
=0+45;25+5;50+5;75+5;............; 3100 £ 5 (mod 3125)
= 5,3120; 20, 30;45,55;70,80; ... ..........; 3095,3105 (mod 3125).

These are the two hundred & fifty incongruent solutions of the said congruence.
Example-2:Consider the congruence: x* = 81 (mod 243)
It can be written as: x* = 3*(mod 3°).

It is of the type: x* = p*(mod p™) withp = 3,n = 5.
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It has exactly 2p3 = 2.27 = 54 incongruent solutions, given by
x=p" 3k+p@modp™);k=0,1,2, .o ce...., (p3 = 1).
= 3573k + 3 (mod 3°)

= 9k + 3 (mod 243);k = 0,1,2, .. e.. ......, 26.
=0+3;9+3;18+3;27 +3; ... ..; 234 + 3 (mod 243)
= 3,240; 6,12;15,21; 24, 30; .. ... ... ....; 231,237 (mod 243).

These are the fifty-four incongruent solutions of the said congruence.
Example-3: Consider the congruence: x* = 2401 (mod 24015)
It can be written as: x* = 7*(mod 7%).
It is of the type: x* = p*(mod p™) withp = 7,n = 4.
It has exactly p3 = 73 = 343 incongruent solutions, given by
x =pk+p@modp*);k=0,1,2,..cccc...,(p® = 1).
= 7k + 7 (mod 7%)

= 7k + 7 (mod 2401);k = 0,1,2, ... ... ..., 342.
=0+47;7+71447;21+7; o oo ...; 342 + 7 (mod 2401)
=714, 21,28, .. ........,349 (mod 2401).

These are the three hundred &forty-nine incongruent solutions of the said congruence.
CONCLUSION
Therefore, it can be concluded that the congruence under consideration: x* = p*(mod p™),
pan odd prime positive integer, has exactly 2p3 incongruent solutions, given by
x=p" 3k +p(modp™), n=5.
But forn = 4, the congruence has exactly p® —incongruent solutions, given by
x = pk +p (mod p*),k—0,1,2, ........,(p3 = 1).
MERIT OF THE PAPER

A huge number of solutions of the standard bi-quadratic congruence under consideration can be

obtained very easily and also orally due to this formulation of the solutions established. This is the
merit of the paper.
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